HARMONIC ANALYSIS ON THE TWISTED FINITE POINCARE 

UPPER HALF-PLANE 



JORGE SOTO-ANDRADE AND JORGE VARGAS 

Abstract. We prove that the induced representation from a non trivial character 
of the Coxeter torus of GL(2, F), for a finite field F, is multiplicity-free; we give an 
explicit description of the corresponding (twisted) spherical functions and a version 
of the Heisenberg Uncertainty Principle. 



1. Introduction 

Let F be a finite field, with q elements, and E be its unique quadratic extension. 
Put G = GL(2, F) and denote by K the Coxeter torus of G, realized as the subgroup 
of all matrices mz{z G E^) of the maps w ^— zw{w G E) with respect to a fixed 
F - basis of E. Recall that the finite homogeneous space "K = G/K may be looked 
upon as the finite analogue of (the double cover of) the classical Poincare Upper 
Half Plane (see [Q). Harmonic analysis on "K amounts to decompose the induced 
representation Ind^ 1 from the unit character 1 of i^' to G. We are interested here 
in the "twisted" version of this, i.e., the decomposition of the induced representation 
Ind^ $ from a non (necessarily) trivial character $ of i^' to G. The real analogue of 
this case has been considered in . We prove that this representation is multiplicity- 
free, taking advantage of the fact that this is so for Ind| 1 (see [ffl) and reducing the 
computation of the multiplicities in Ind^ $ to the ones in Ind^ 1. We also give an 
explicit description of the corresponding (twisted) spherical functions. Finally, we 
give a version of the Heisenberg Uncertainty Principle 

2. The Multiplicity One Theorem for Ind^<l>. 

2.1. The case $ = 1. We consider first the special case $ = 1 in which the multi- 
plicity one theorem follows from a geometric argument. In fact, we have 

Ind^l^(L2(J{),r), 

where L^(J{)) stands for the space of all complex functions on J{ endowed with the 
usual canonical scalar product, and r denotes the natural representation of G in 
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L^(J{), defined by {Tgf){z) = f{g ^.z)^ where z ^— g.z is the homographic action of 
G on IK, given by 

az + b f a h\ ^ 

q.z = forg = , G G, 2; G Jl. 

cz + d \c dj ' 

Definition 1. For all z,w (z'K, we put 

N{z - w) 

D{z,w) = — — 

N{z — w) 

with the convention that D{z,w) = 00 if w = z. 

Proposition 1. D is an orbit classifying invariant function for the homographic 
action of G in^ x "K. 

Corollary 1. The commuting algebra 0/ (L^(IK), r) is commutative. 

This follows from the fact that, the classifying invariant D being symmetric, the 
G-orbits in IK x J{ are also symmetric. □ 

2.2. The case of general $. Let's denote by the restriction of $ to F^. We will 
prove that every twisting of an irreducible representation ttq of G (where the super- 
script d denotes the dimension of vr and 6 its character parameter) by the character 
($ + is isomorphic to a representation of the form ttq, + ttq,,, when restricted to 
K. In fact we will work with the characters Xe of irreducible representations vr^ 
of G, for which we keep the notations of or [0]. 

Lemma 1. On K we have 

($ + ~ X<^[aoN) ~^ X(f>a,a' 

($ + ^'^)Xa,a X(pa,a ^<I>(ooA'')' 

+ = + 

Now for a character x of G, we have x ° Frob = x on i^, as it follows from 
the character table. Therefore J2k ^{k'')x{k) = J2k ^{k)x{k) because Frob is an 
involutive automorphism. 

Hence, the multiplicity of vr in Ind^ $ equals | J2k{^ + ^''){k)7T{k) and so it is just 
the average of the multiplicities in Ind^ 1 of two representations of G (one of which 
may be virtual!) 

Remark 1. Put 7r^+^ = + ^'^^ ^aoAf = ~ /^'^ every a G (F^)^. It is 
easy to check than in the degenerate cases a = f3 (for vr = n'^^p ) and K = hfl (for 
TT = TT^^^j we find for the multiplicities miiji) 

mi«+i) = l («e(FX)-) (1) 



HARMONIC ANALYSIS ON THE TWISTED FINITE POINCARE HALF-PLANE 3 

and 

mdK-oN) = -S^,i {ae{F-r) (2) 

Using the fact that the multiphcities of the irreducible representations of G in 
Ind^ 1 are at most one and also equations (|T]) and (□) , we get that the multiplicities 
are also at most one in the more general case of Ind^ $. □ 

2.3. The multiplicities me^di^) of ttq in Ind^ $ for general $ G (E^)^. In 
Table 1 below, 7r@ denotes an irreducible representation of G, of dimension d and 
parameter 6. Then d & {l,q,q + l,q — 1} and 6 is of the form {a, /?}, with a, P E 
(F^)^ or {A, A"} with A G (E^)^ 

Table 1. The multiphcities m0_d($) 



TTq 








111 








q-L 


5\,<t) — ^A,<i> — ^A9,$ 



NOTATIONS. Here a,/? G (F^)^ with a ^ /? and $, A G (F^)^ with A ^ A<?, and 
A (resp. ) denotes the restriction of the character A (resp. $ ) to {F^)^. 

3. The twisted spherical functions 

3.1. The averaging construction. In this section G denotes an arbitrary finite 
group, K a subgroup of Gand $ a one dimensional representation of K. We notice 
that the spherical functions for the representation Ind^ $ are obtained as weighted 
averages of the characters of G. More precisely: 

Definition 2. Let L^{G) be the group algebra ofG, realized as the convolution algebra 
of all complex functions of G and let L\,{G,K) be the convolution algebra of all 
complex functions f on G such that 

fikgk') = ^k)f{gMk') 

for all g e G,k,k' e K. For any f G L^{G) put 

(P'^fM = ^ E ^-\mikg) 



for all g E G. 
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Notice that the operator P$ is just convolution with the idempotent function e% G 
L^G which coincides with on K and vanishes elsewhere. Moreover L\,{G, K) 

may be writen as e%*L^G*e'^ and its elements / are characterized by the properties 

^1 */ = / = /* ^1 

Lemma 2. Let x be the character of an irreducible representation tt of G. Then 
1^ ^ 'i'ff appears in Ind^ $. □ 

Lemma 3. Pq>{x) non-zero function iff it doesn't vanish for g = e. □ 

Proposition 2. The mapping Pq, is an algebra epimorphism from the center Z {L^ G)) 
of the convolution algebra L^G onto the center Z{L\{G,K)) of the convolution alge- 
bra Ll{G,K). 

Proof: We have 

^<i.(/i * /2) = efc* (/i * /2) = (/i * ^1) * /2 

= (/i e%) * f2 = {e% * fi) * {e% * f2) 

= P$/i * P<ff2- 

since /i is central and is idempotent. Moreover the dimension d of the image of 
Z{L^G)) under P<s, is the number of irreducible characters x^f G such that P<;>{x) Oj 
but P<s>{x) 7^ iff (P$x)(6) 7^ cind, the number (P$(x))(e) being the multiplicity in 
Ind^ $ of the representation vr of G whose character is Xi we see that d is just the 
number of irreducible representations tt of G appearing in Ind^ i. e. the dimension 
of the center of K). □ 

Corollary 2. The nonzero functions that satisfy the functional equation 

h(x)h(y) = / ^(k)h(xky) dk 
Jk 

linearly span the center of the algebra Ll,{G, K). 



Proof: The functions h that satisfy the above functional equation are exactly the 
complex multiples of the functions P$(x); for a proof (see 0). Therefore the corollary 
follows. □ 

3.2. Explicit formulae for the twisted spherical functions. Define 

Stia) = -{q' - 1)-' E $-i(^)AH 

for A G {E^)^ and a G , where Ta denotes the set of all {z,w) G x E^ such 
that N{w) = aN{z) and Tr{w) = 2(a + iy^Tr{z). 
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Then the spherical function of G associated to the cuspidal character Xa~^ '^^ 
G is given on the representatives d{a, 1) = (a G F^) for the K - double 

cosets in G, by 

Ctid{a, 1)) = Stia) + q{q + ly'S^^.S,,^, 

where A (resp. (p) denotes the restriction of the character A (resp. $) of to . 

Notice that a = 1 corresponds to the origin in !K and a = — 1 corresponds to the 
antipode of the origin in "K. It is not difficult to check that these formulae for the 
spherical functions are equivalent to the ones given in |^ for the case $ = 1. 

3.3. A new form for the cuspidal spherical functions for $ = 1 (char F 7^ 2). 

For a 7^ 1, one has the following new expression for the spherical functions estimated 
in§ 

Ctia) = {q+ 1)-' Y: <Tr{u) - {a + a-')){eu;){u), 
for a 7^ 1, where e denotes the sign character of F^. 

4. Heisenberg Uncertainty Principle 

For this section, G denotes an arbitrary finite group, K any subgroup of G and $ 
any linear character of K. 

Let be set of allthe equivalence classes of irreducible representations of G that 
contain the character $ when restricted to K. For each equivalence class we choose, 
once and for all, a representative (vr, V^). As usual, for each / in L^(G), the Fourier 
Transform valued in the class (tt, V^), is the linear operator 5" in defined by 

3^(/)(7r) := 7r(/) := ^ ( fig)nig-')dg := ^ E fidHg-')- 

\<^\-'G I'^l geG 

We recall the statement of the Plancherel theorem for a function / G Ll,{G, K) 

fi9) = ^ E c?^trace(7r(/)7r(^)); 

ttGG* 

here g & G arbitrary and c?^ := dimV^. 

For any complex valued function / on G, let |supp(/)| denote the number of 
elements of the support of /. That is, the number of points of G where / takes 
nonzero values. 

Proposition 3 (Heisenberg Uncertainty Principle). For any nonzero function 
f G L\{G,K) we have 

|supp(/)|( E d^)>\G\. 

7resupp(:f(/)) 

Here supp(3'(/)) is the subset of G^ where ?"(/) does not vanish. 
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Proof: For any function / on G we recall that 

ll/ll2=El/(^)r; ||/||oo = max|/(x)|; ||/||^ < ||/||Ll supp(/)| (*) 

—r, x&G 

From now on, we fix a G— invariant inner product on V^.- Then T* denotes the 
adjoint of a Hnear operator T on with respect to this inner product. Also 
denotes the Hilbcrt-Schmidt norm on End K- defined by trace(TS'*), for S,T End l^- 

Since / G Ll,{G,K), as we pointed out before, the Plancherel Theorem says that 
we have that supp(/) is contained in and that 

/(^) = 7^ Yl c?7rtrace(7r(/)7r(x)). 

The Cauchy-Schwarz inequality applied to the Hilbert-Schmidt inner product says 
that the first of the two following inequallities is true, 

trace(7r(/)7r(a:))<||7r(/)||||7r(x)||<||7r(/)||, 

the second inequality follows from the fact that ||T|| = 1 for a unitary operator. 
Putting together the last two statements we get 



The classical Cauchy-Schwarz inequality and the fact that — didi imply that 

1 



^<^EW/)Wir E d^- 



TTSG* 7resupp(S'(/)) 

Now the L^— version of Plancherel Theorem says that 



2 = 7^ E dAm){'K)f. 



TreG* 



Therefore, 



L<^ll/f E d.. 



Since / is nonzero, we apply (*) to the above inequality and get the desired result. □ 
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